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Spectral Analysis Algorithms,f()r the Laser Ve10cimetei':
A Comparative Study |

W. A. Bell* ,
Lockheed-Georgia Company, Marietta, Geo_rgia

Conventional methods of computing spectra require constant sampling rates and therefore must be modified
to accommodate the randomly sampled data from the laser velocimeter. Four approaches that provide estlmates
of the power spectra from randomly sampled data are evaluated with respect to accuracy and computational
speed. Simulated data of varying spectral content are used as input. An estimate of the correlation function that
resolves the random time distribution into equidistant time intervals provides the best compromise between
computational speed and accuracy for laser velocimeter data.

Introduction

OURIER analysis of fluctuating signals is an important

part of digital signal processing. For data sampled at
constant rates, the methods for spectral and correlation
analyses have been extensively studied and widely used. When
the data are randomly sampled, however, relatively new
methods for spectral and correlation estimates must be
employed.

A practical need for such estimates occurs when data are
obtained from the laser velocimeter (LV). With  this in-
strument an interference pattern is formed by two intersecting
laser beams. The surrounding fluid is seeded with particles
and, assuming that the particles respond exactly to the flow
conditions, the fluid velocity is determined from the transit
time across the interference pattern. Since the particles cross
the measurement volume at irregular time intervals, con-
ventional spectral estimates based on constant sampling rates
must be modified.

Background

In time series analysis, two methods are generally used to
obtain the spectrum.!? The first is based on the Wiener-
Khinchine theorem, which relates the power spectrum to the
‘Fourier transform of the correlation function. When the data
are sampled at a constant rate, the correlation function is
computed first, a window function is then applied to minimize
the effécts of finite sampling times, and the Fourier transform
is taken. This approach is known as the Blackman-Tukey

algorithm. For the randomly sampled LV data, modifications -

of this algorithm have been derived in Refs. 3-7. In the second
approach, a discrete Fourier transform of the digitized signal
is applied. After the data are sampled over a given time in-
terval and a window function employed, the Fourier trans-
form is taken. The resulting complex number is multiplied by
either the complex conjugate of itself to give the periodogram,
which is proportional to the auto power spectrum, or another
transformed signal to yield the cross spectrum. The resulting
spectra are obtained for a series of time intervals and then
averaged over a specified number of blocks to increase ac-
curacy. When the data are sampled at a constant rate, the fast
Fourier transform (FFT) can be used to significantly reduce
the computation times. The FFT cannot be used for. the
randomly sampled LV data, however. Consequently spectral
estimates for randomly sampled data take longer to compute
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for a given number of samples and frequency resolution.

* Estimatés applicable to LV measurements are presented in

Refs, 8-11.

For both periodic and random sampling, two types of
errors arise—bias and variance. Bias is a systematic error,
such as aliasing, which distorts the resulting spectrum,
Estimates for randomly sampled data are, in principle, free
from aliasing. Variance results from random errors and
generally decreases with increasing sample size. The estimate
is consistent if the variance approaches zero as the number of
samples becomes infinite.

This investigation compares the existing approaches for
spectral estimation from randomly sampled data from a
computational point of view. First, the effect of random
sampling on the variance of the spectral estimates is in-
vestigated analytically and then tested numerically using
simulated random signals. Then a comparison between the
spectra obtained with correlation and periodogram estimates
are made to determine the relative computation times and
accuracies.

Numerical Procedure

As pointed out in the last section, two methods are
generally used to obtain the power spectrum from digital
data. The first consists of taking the discrete Fourier. trans-
form of the digitized correlation function to obtain the power
spectrum, and the second involves taking the discrete Fouriér
transform of the digital signal. Obtaining exact results with
either of these two methods involves the evaluation of infinite
integrals. In digital data analysis these integrals are replaced
by finite sums or estimates. The estimates presented in this
section give unbiased, consistent results as the number of
samples or the sampling rate becomes infinite. These
estimates will be evaluated with respect to the number of
computations required to obtain the power spectrum from a
given data set and the numerical errors arising from the finite
sampling rates and times.

Power Spectra from Correlation Functions

Before the development of the FFT, power spectral data
were obtained by first computing the correlation function.
The auto correlation function R, of a signal x(¢) is given by

Ji 772
R, (1) =lim —S x()x(t+7)dr )
T—o T 7/2 »

where 7 is the time lag and T'the total sampling time.
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The spectrum can then be obtained from the Wiener-
Khinchine theorem

Su(@) = |~ Ry (n)explian)dr @

In Refs. 4-6, estimates are obtained by combining Eqs. (1) and
(2) and discretizing to give

xx(w)—NZE ka D(tk t )Cos[w(tk“t )] . (3)

k>r

where N is the number of samples taken over the time 7. The
window function D is used to limit the maximum time lag by
having a value of unity at a zero time lag and decreasing to
zero after the maximum time lag. For periodic sampling, the
window function significantly affects the side lobe structure
of the spectra.

As pointed out in Refs. 12 and 13, Eq. (3) does not include
the effects of velocity biasing when the variable x is taken to
be the velocity measured by the LV. Assuming that angle
effects have been minimized by frequency shifting with a
Bragg cell,’* Ref. 13 provides an unbiased estimate of the
correlation function, by letting

X, =u Aty /NTAL AL,
and
x,=u At /NLAL AL,

where u, and u, are the velocity fluctuations and At the
residence time of the particle in the measurement volume. The
subsequent discussions assume that the velocity bias has been
accounted for. The main thrust of this paper can now deal
with the numerical efficiency and accuracy of the respective
spectral estimates.

As shown in Table 1 the number of operations required to
produce a spectrum is comparatively large. There is a total of
3m?N/2 multiplications and m?N/2 cosine function
evaluations for a total of 2m?N operations where m is the
number of frequencies in the spectrum.

This estimate has been shown to be unbiased and consistent
as the sampling time 7" becomes infinite.® However, for finite
sampling times the sums in Eq. (3) contain more terms with

short time lags than with long ones, the number of terms -

generally decreasing with lag times. This phenomenon is
caused by neglecting the term 7'— 7in Eq. (1), which is a good
approximation if the total sampling time is much larger than
the maximum time lag. Mayo#* points out that the 7— 7 term is
an important consideration in segmented data techniques
where 7 and 7 are of the same order. For example, if the
sampling is periodic and 7T is twice the maximum time lag,
then the spectrum derived from Eq. (3) with a rectangular
window function is equivalent to the spectrum obtained with a
Bartlett window when this term is neglected.” This window

Table1 Approximate number of computations required
for spectral analysis from random data

No. of
Method computations?®

Group A: Random times used

1) Correlation method 2N’ M

2) Periodogram approach NM
Group B: Random times resolved into

equidistant intervals -
3) Correlation method MN/2
4) Periodogram approach Nlog, M

@ M =number of points in frequency domain. N=number of samples taken
in time domain.
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leads to a relatively large ratio of side lobe to mgnal which is

generally unsatisfactory. ,
Gaster and Roberts® show that the expression for the ex-

pected error resulting in the spectrum obtained from Eq. (3) is

approximately
e—,[:T'”D[S (@) + 02] (4a)
- N o 27y a

where o is the standard deviation of the signal, 7, the
maximum lag time, and » the sampling rate. This expression
does not account for the effect of the 7—7term in Eq. (1) and
therefore is an optimistic error estimate for blocked data. In
the cases considered using Eq. (3) in Refs. 4-6, T is much
larger than 7 so Eq. (3) provides a reasonable estimate.

A much faster approach for computing the spectra is to
calculate the correlation function first from Eq. (1). To do so,
the time domain must be divided into equidistant slots so that
Eq. (2) can be used to obtain the spectrum. The estimator for
the autocorrelation is given as?*

. N
Ry (=Y %Xy, /H(r) (5)
k=1 '

where H(r) is the number of lagged products in the lagged
time slot r and arises from the 7—7 term in the denominator
of Eq. (1). A similar expression can be derived for the cross
correlation. With Eq. (5) the maximum time lag is divided
into N equidistant time intervals such that

‘M_rl<05
AT -

where t,,,—1, is the exact time between lagged products.
Thus, some errqr in time is introduced in order to increase
speed. The effects of this error on the spectrum has been
analyzed in Ref. 7, which provides expressions describing its
effect on the spectrum.

To provide further insight into this error, an alternate
equation can be obtained by expanding the expression for the
lagged signal in a Taylor series about the Ath interval to obtain

x(t+71+e(1))=x(t+71)+e(n)x(t+7) +O0(e?)

Thus from Eq. (1),

w€(7) =R, (1) +e(T)R, (1) (4b)

where e(7) is the deviation of the kth time lag from kA¢, xthe
derivative of x with respect to the time lag, and R, (k) the
autocorrelation function given by Eq. (1). The term eR,;
represents the bias in the correlation function (and thus in the
spectrum) arising from the time approximation. Increasing
the time variation or the deviation of the time approximation
increases the bias. The effects of this term are evident in the
spectra presented in the results section.

As shown by Table 1, R,, computed from Eq. (5) requires
significantly fewer arithmetic operations. Only one
multiplication and one addition are required per lagged time
product, and so the number of operations is reduced by a
factor of 4m over the number required in Eq. (3). Also, the
cosine function required in Eq. (3) need not be computed,
reducing computer time even more. Finally, since equidistant
time intervals are used, the FFT can be applied to compute the
spectrum from the correlation function.

Spectral Estimates from Periodograms

Another method for obtaining the power spectrum of a
signal is from its Fourier transform, referred to in Ref. 9 as
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the direct approach. Basically, it involves the discretization of
the integral in the equation

X(w) = S: x (1) explict) dt 6)

to obtain the estimate

X(w)=— YoxDiexpliot,) 0]
N %
where D, is a window function and XX* is the periodogram.
The following expressions then yield the auto and cross-
power spectra, respectively:

S =XX* ®)
and
S,=X*Y

The estimate given by Eq. (7) is not consistent.® To obtain
consistency and avoid large errors in the spectrum, the

summation in Eq. (7) must be divided into several sums, each

sum applying to a block of ‘data taken over a fixed time in-
terval. The resulting spectra are then averaged. For randomly
sampled data, the number of arithmetic operations with this
estimate is over twice that required in the slotted correlation
method. Computation times are further increased because the
complex exponential function must now be computed to
obtain the periodogram. ) ]

Numerically the periodogram estimate suffers from a
serious drawback for randomly sampled processes. Depend-
ing on the sampling distribution and spectral shape,
numerical noise develops and is reflected in the spectrum.
This noise is related to the side lobes appearing in the spectra
of periodically sampled data. With randoms«sampling, these
lobes produce an apparent white noise on the spectrum as
shown by Jones.!6 To investigate this phenomenon further,
Eq. (7) can be rewritten as

A

VT &,
X(@)=— Y x (g0 D) expliot,) ©)
7 k=1

where
(k=) At<E, < (k+ V5)At
and all £ slots have at least one sample.
For periodic sampling, §,=kAt whereas for random
sampling
£ =kAt+¢, At
where €, is the deviation of the sampling time from the
periodic sampling rate at the kth interval. Expanding x,, D,,
and exp(iwt, ) in a Taylor series about kAt gives
X(kAt+ e, At) =x (kKAL) + €, x(kAt) Ar+ 0 (€2)
D(kAt+e, At) =D(kAt) + ¢, D(kAt)At+0O(e3)
expliw (kAt+ €, At)] = exp(ivkAt) (1 + iwe, At) + 0O (€})
Then Eq. (9) becomes
X(w) =X,(0) +ey(w) +0[ef (@) ] 10)

where X, (w) is the value obtained with periodic sampling.
The term '

VT & /% D, _
ex(w)= ~ kgek (-;" + —D~’; +1w>kaklexp(lkat) an
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represents a noise added to the signal by the deviation from
the periodic sampling rate.

Equation (10) includes only the effects of a random time
distribution and does not account for random omissions or
multiple values within an interval. Gaster and Roberts® do not
address these problems, although random omissions have
been analyzed by Jones.!7

In Ref. 10, Kar, Hornkohl, and Farmer present a method
for computing the spectra from Egs. (7) and (8). Rather than
using ensemble averaging, they form the sums in Eq. (7) over
a long period of time and determine the spectra at selected
frequencies. They show that this method yields comparabie
accuracy to the slotted correlation method and is superior to
the periodogram approach of Gaster and Roberts.

A slotted version of Eq. (7) can also be used. Like the
slotted correlation method, the random times are resolved
along a grid of equidistant time intervals. Because the FFT
can now be used, this method yields the fastest computation
times as seen in Table 1. In Ref. §, however, Mayo, Shay, and
Riter found this estimator to yield extremely large variances in
the spectra, a result confirmed in this investigation. The
slotted periodogram approach is equivalent to taking the
digital output from an LV system, using a digital-to-analog
converter to obtain an analog signal and performing a
standard discrete Fourier transform on this signal. This
method for obtaining a spectrum should be used with caution.

Results and Discussion

Results are presented that evaluate the numerical efficiency
and accuracy of the four methods for spectral estimation
given in the last section. These estimates operate on simulated
signals generated numerically using the procedure in Ref. 5,
so the properties of these signals can be carefully controlled.
Since the data are exact, any deviation in the resulting spectra
can be attributed to the numerical procedure and not to in- -
strument error or extraneous noise. Studies of contaminated
signals have been done by Gaster and Roberts, who provide
methods for minimizing a white, background noise con-
tamination in Refs. 6 and 9. Smith and Meadows study the_
effects of inaccuracies in the input data in Ref. 3. In Ref. 5,
Masry et al. show that aliasing is avoided when the data and
randomly sampled by simulating narrow band and broadband
noise signals of known spectral content. ,

Numerical studies of the four spectral estimates follow the
test matrix in Table 2. According to Refs. 3-9, the parameters
in Table 2 exert the most influence on the accuracy of spectra
computed from randomly sampled data. These are the input
process, type of sampling, sampling rate, the number of
samples, the frequency resolution of the spectra, and the
windowing. In all cases, 256 points are taken in the frequency
plane. For brevity only the more significant results are
presented.

Initial Tests

Initial tests were conducted using a sine wave to compare
the relative accuracy and numerical efficiency between
methods. Figures 1 and 2 show the results of these initial tests
for a sine wave of 1000 Hz sampled at a mean sampling rate
of 12,500 samples/s with a Poisson sampling time
distribution. A total of 2500 points were taken, averaged over
blocks of 20.48 ms duration, and multiplied by a Hanning
window. Even though the input data were exact, a
background noise arising from numerical error is evident in
the spectra.

In Fig. 1, a comparison between the slotted correlation
estimate of Smith and Meadows3 and the exact method of
Ref. 6 is made. There is a significant difference between the
peak-to-noise levels obtained with these two methods, with
the slotted correlation method yielding the highest signal-to-
noise ratio. Because the slotted correlation is faster by a factor .
of 4m, where m is the number of points in the frequency
domain, the exact correlation estimate is considerably less
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Table 2. Cases considered

Method Signal® Sampling data, kHz Window Samples

Exact Sine 12.5 Rectangular 2,500-10,000
correlation Hanning

Exact Sine 12.5 Rectangular 2,500-10,000
periodogram Hanning

Slotted Sine, narrow 62.25-25 Rectangular 1,000-10,000
correlation band, low pass Hanning

Slotted Sine, narrow 6.25-25 Rectangular 10,000
periodogram band, low pass Hanning

2 All sine wave frequencies were 1000 Hz, all narrow band frequencies were about 1000 Hz, and low pass cutoff

frequency was 1000 Hz.

efficient than the slotted approach and is eliminated from
further consideration.

Comparing Fig. 1 with Fig. 2 demonstrates the superiority

of the slotted correlation over the periodogram estimate from
Ref. 9. Actually, the periodogram estimate is a modification
of the one in Ref. 9. To attain the observed peak-to-noise
ratio of 10 dB, alternating points within a given time window
were taken to form a cross spectrum which is shown in Fig. 2.
Without this modification, signal-to-noise ratios of only 5 dB
or less are attained. New methods devised in Ref. 18 do not
significantly reduce the noise levels. Regardless of the method
of noise reduction in the periodogram, the slotted correlation
method is not only two to four times faster, but more accurate
as well.

Even though the input data are exact, numerical noise is
¢vident in the spectra of Figs. 1 and 2. The levels are con-
sistently higher than predicted from Eq. (4), which is derived
by Gaster and Roberts® for the correlation estimate. The
corresponding variance in the periodogram estimate is higher
by a factor of 8/3 for a Hanning window.? According to these
formulas for the variance, the estimates should yield signal-
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Fig.. 1 Comparison of spectra obtained from correlation function-
based estimates (mean sampling rate = 12,500, 2500 samples, Hanning
window, sine wave at 1000 Hz).
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Fig. 2 Spectrum for a 1000 Hz sine wave using the periodogram
estimate of Ref. 3 (mean sampling rate=12,500, 2500 samples,
Hanning window).

to-noise levels of over 48 dB for the given sampling rate and
number of data points. '

The additional variance can be explained by Eq. (4b) for the
slotted correlation method and Eq. (11) for the periodogram
approach. For the correlation estimate, the signal-to-noise
ratio for a sine wave of angular frequency w, is

S lag)

SNR, = =~
¢ Sx)&e(w) wl)(e)

where (e) is the mean square error. Assuming uniform
sampling distribution over each lag interval, where H is the
minimum number of products per lagged time interval,

(e)=AT/NI2H

Thus the signal-to-noise ratio is 22 dB for the given test
parameters, which is in agreement with the results.
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Fig. 3 Comparison of spectra computed from the correlation
functions for constant and random sampling (narrow band noise,
mean sampling rate = 12,500, 10,000 samples).
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Fig. 4 Effect of sampling rate on the spectra for a 1000 Hz sine wave
obtained by the slotted correlation method (Hanning window, 10,000
samples).
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Similarly the periodogram signal-to-noise ratio from Eq.
(1Dis

1

NR =——r——
S s (wy+w)<e)

The deviation of e, is roughly Az/V12N, so

SNR, = _NI2N, ~6dB
(wy+w)Ar
For N, =20, w, =27(1000), = 2m(6250), At =80 ps.

The predicted noise exceeds the observed levels. However,
the spectra in Fig. 2 are based on a modification of the
spectral estimate proposed by Gaster and Roberts. Since the
modified approach is essentially a cross correlation of the
same signal with a different background noise, the un-
correlated noise cancels and a higher signal-to-noise ratio
results than was predicted from Eq. (11).

Periodic vs Random Sampling

The contrast between the data sampled periodically and
randomly are presented in Fig. 3 for the slotted correlation

method. The additional variance predicted by Eq. (4b) is .

evident in the random sampling case and arises from the
errors caused by the time approximation necessary to resolve
the lagged products into equidistant slots. The corresponding
spectra in Fig. 3 reflects these increased noise levels.

Equation (4a), derived by Gaster and Roberts, provides
good agreement with the observed spectral variance for the
periodically sampled data. In Ref. 6 they also report good
agreement with spectra obtained from randomly sampled data
at low sampling rates with the exact correlation estimate.
However, at the high sampling rates considered here, the
major source of spectral variance shifts to the nonperiodic
distribution of the data in the sampling intervals. This shift
also. occurs in the spectra obtained from periodogram
estimates.

The effects of the type of input signal on the spectrum can
be seen by comparing the randomly sampled spectrum in Fig.
3 with Fig. 1. The comparison indicates comparable signal-to-
noise levels predicted by Eq. (4b) for both narrow band and
discrete tone signals.

Effect of Sampling Rate and Number of Samples

According to Eq. (4a) the spectral variance for the slotted
correlation estimate should decrease as the sampling rate to
the one-half power. Equation (4b) however is not a function
of sampling rate, but depends only on the standard deviation
of the mean value of the lagged products in each slot. The
standard deviation, or variance, decreases as the square root
of the number of samples in each slot. As shown in Fig. 4 an
order-of-magnitude change in sampling rate does not ap-
preciably alter the signal-to-noise ratio. This result is
produced because, for the higher sampling rate, an order of
magnitude increase in the number of points per lagged time
slot occurs and reduces the noise levels by about 5 dB, as
expected from Eq. (4b). Increasing the sampling rate while
keeping the number of points per lagged time slot constant
does not produce a significant change in signal-to-noise ratio.

Similar results are obtained from the periodogram
estimates. A tenfold increase in sampling rate produces no
consistent decrease in noise ' level, as shown in Fig.. 5.
Decreasing the number of averages by a factor of four in-
creases the relative side lobe amplitude at some frequencies,
although a consistent trend is not markedly evident.

Comparison of Figs. 4 and 5 indicates the correlation’

function produces more accurate spectral estimates than the
periodogram estimate of Gaster and Roberts for a given
number of samples and is also computationally faster.
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Fig. 7 Spectrum of a 1000 Hz sine wave with a rectangular window
applied to the slotted correlation estimate (sampling rate =12,500 Hz,
10,000 samples).

Sampling Interval

Increasing the sampling interval, which increases the
maximum lag time for the slotted correlation estimate,
decreases the signal-to-noise ratio slightly for a given number
of points as shown in Fig. 6. For random sampling, this
decrease occurs because the number of points per lagged time
slot diminishes with decreasing maximum time lag. Thus, the
variance increases according to Eq. (4b).

The same results apply to the periodogram estimate. For a
given number of samples, increasing the sampling time in-
terval increases the deviation from the corresponding
periodically sampled case and decreases the number of en-
semble averages -obtained. These effects cause the variance to
increase according to Eq. (11).

Windowing
As shown in Fig. 7, applying a rectangular window to the
correlogram obtained from the slotted correlation function
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increases the noise floor by about 10 dB for randomly
sampled data. Thus, while the application of a Hanning
window does decrease the noise floor, the results are not as
dramatic as in the perlodlc case.

The periodogram estimate, however, is relatively insensitive
to windowing as shown in Fig. 8. In fact, compared with the
spectra obtained with a Hanning window in Fig. 5, the rec-
tangular window yields somehwat better signal-to-noise
ratios.

Sloited Periodogram

Spectra computed from a modified slotted perlodogram
estimate were obtained based on the method presented in Ref.
t1. With this method, the time domain is divided into
equidistant intervals as in the slotted correlation method. If
more than one point is sampled within an interval, the average
value is taken. If no point is available the previous value is
carried over to that interval.

As shown in Fig. 9, the accuracy of the resulting spectrum is
a strong function of sampling rate. For higher sampling rates,
this technique yields results of comparable accuracy to the
slotted correlation method, but the computation times are
reduced by a factor of about m/p, where p=1IlogZm. For the
given cases, these computations were 30 times as fast as the
slotted correlation method.. .

Conclusions and Recommendations

Of the four methods tested, the slotted correlation method
is the best compromise between accuracy and computational
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efficiency. If the sampling rates are high enough, the slotted
perlodogram estimate is feasible and is roughly m/p times
more efficient, where m is the number of samples in a given
sampling interval and p=1log?m.

Compared with estimates obtained with periodically
sampled data, randomly sampled data give significantly lower
signal-to-noise ratios than predicted by Gaster and Roberts.
This increase in noise originates from the nonuniform
distribution of the data within the sampling interval. To
eliminate this effect, numerical methods must be developed
that do not rely on a uniform distribution of data in the
sampling interval to minimize the spectral variance.
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